Abstract-Dynamic element matching (DEM) is often applied to multi-bit DACs to avoid nonlinear distortion that would otherwise result from inevitable mismatches among nominally identical circuit elements. Unfortunately, for such a DEM DAC to fully achieve this objective its constituent 1-bit DACs must be free of inter-symbol interference (ISI), i.e., the error from each 1-bit DAC must not depend on prior samples of the DAC's input sequence. This paper provides the first quantitative general analysis of the effects of ISI on the continuous-time outputs of DEM DACs. The analysis provides some surprising insights such as the conclusion that for certain types of DEM the only nonlinear distortion caused by ISI is second-order distortion. The paper also presents a digital pre-distortion technique that cancels the second-order distortion in the DEM DAC's first Nyquist band if information about the 1-bit DAC mismatches is available.
I. INTRODUCTION

A
MULTI-BIT digital-to-analog converter (DAC) converts a digital input sequence, x[n], to a continuous-time analog output waveform, y(t).
In most multi-bit DACs the digital input sequence is mapped to multiple 1-bit digital sequences that each drive a 1-bit DAC, and the outputs of the 1-bit DACs are summed to form y(t). Ideally, each 1-bit DAC generates a twolevel analog output waveform that instantaneously switches between its two levels when its input bit value changes from 0 to 1 or 1 to 0. The mapping of x[n] to the 1-bit DAC input sequences and the nominal output levels of the various 1-bit DACs are designed such that in the absence of non-ideal circuit behavior y(t) = x[n] for all t within the nth clock period and each n = 0, 1, 2, . . ..
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error in the multi-bit DAC output. Additionally, practical 1-bit DACs do not transition instantaneously between their two levels, so they introduce transient errors. In many cases, a 1-bit DAC's transient error depends on one or more of its prior input bit values as well as its current input bit value. Such transient errors are said to contain ISI. Asymmetry between the rising and falling transient errors of the 1-bit DACs, which typically results from component mismatches, causes the ISI to contain nonlinear distortion [1] - [14] . Depending on the relative scaling of the 1-bit DACs in a multi-bit DAC, and depending on the value of x[n], there can be multiple sets of 1-bit DAC input bit values that would yield the same value of y(t) during the nth clock period in the absence of non-ideal circuit behavior. Dynamic element matching (DEM) is a digital technique that exploits such redundancy to manage the error caused by component mismatches [15] - [34] . In the absence of ISI, the only significant error caused by component mismatches in such a DEM DAC is noise-like and uncorrelated with x[n], whereas in a multi-bit DAC without DEM it would be nonlinear distortion. DEM can be implemented such that the noise-like error is spectrally shaped for use in oversampling DEM DACs or scrambled for use in Nyquist-rate DEM DACs.
Unfortunately, DEM does not completely eliminate nonlinear distortion from ISI [35] . Nevertheless, contrary to conventional wisdom, this paper shows that DEM does have a significant effect on the ISI error, and if the DEM satisfies certain properties the effect is beneficial.
The paper analyses the effects of ISI on the continuous-time outputs of DEM DACs. In contrast, previously published work analyzes the effects of ISI on DEM DACs by modelling the ISI as a discrete-time, input-referred error sequence [35] - [37] . Such discrete-time models are useful for oversampling applications in which the DEM DAC output is integrated and sampled, e.g., as in continuous-time ΔΣ ADCs. The sampling operation aliases the ISI into a single Nyquist band, which makes it possible to accurately model the ISI as a discrete-time, inputreferred sequence. However, in applications where the DAC output is not sampled such aliasing does not occur, so it is not possible to model the ISI accurately as a discrete-time sequence. Moreover, in most such applications only a single Nyquist band is of interest, and it is impossible to accurately analyze the effects of ISI on a single Nyquist band with a discretetime, input-referred ISI model. In Nyquist-rate DEM DAC applications, such insight is particularly critical.
The results presented in this paper address this problem. The analysis is general in that it applies to all types of DEM, and it is backward compatible in the sense that the results reduce to prior continuous-time DEM DAC results in the absence of ISI. It shows that the DEM DAC error resulting from ISI always consists of a linear term, a second-order distortion term, and a term that is noise-like and may or may not also contain nonlinear distortion depending on the type of DEM used. As the results are based on a continuous-time analysis they quantify the effects of ISI on all Nyquist bands of the DEM DAC and they are not subject to the aliasing problem described above that is inherent to prior discrete-time analyses.
1 Additionally, the continuous-time analysis enables some new observations about previously proposed techniques to mitigate ISI, and enables a new method of digitally cancelling nonlinear distortion from ISI in a mismatch-scrambling DEM DAC's first Nyquist band if information about the 1-bit DAC mismatches is known.
The remainder of the paper consists of five main sections. Section II briefly reviews the general form of a continuoustime multi-bit DAC, and the remaining sections present the new results of the paper. Section III defines the general form of the continuous-time error introduced by each of the 1-bit DACs. Section IV presents the ISI analysis with support from two appendices, and Section V applies the results to make observations about previously published ISI reduction techniques in DEM DACs. Section VI presents the new nonlinearity distortion cancellation technique using the results from Section V.
II. NYQUIST-RATE DAC OVERVIEW
The DAC input, x [n] , is an f s -rate sequence of digital codewords, each of which is interpreted by design convention to have a numerical value in the range
where M is the number of DAC input levels minus one (so M is a positive integer), Δ is the DAC's minimum step-size, and f s is the clock rate of the DAC. The continuous-time analog output of an ideal non-return-to-zero (NRZ) DAC is given by
where n t is a continuous-time function of t given by
and f s t denotes the largest integer less than or equal to f s t. Examples of the n t and output waveforms from such a DAC are shown in Fig. 1 . The general form of a DAC that implements this behavior aside from error caused by non-ideal circuit behavior is shown in Fig. 2 . It consists of an all-digital block called an encoder and N 1-bit DACs. The 1-bit DAC outputs, y i (t), are summed to form the overall DAC output, y(t), i.e.,
In general, the output of the ith 1-bit DAC has the form
where
is the 1-bit DAC input sequence (which is either 0 or 1 for each n), K i is a constant called the 1-bit DAC's weight, and e i (t) represents any deviation from ideal NRZ 1-bit DAC operation, such as noise and distortion from non-ideal analog circuit behavior. By design, each K i is an integer, K 1 = 1, and
Examples of DACs with different choices of 1-bit DAC weights are shown in Fig. 3 . For each such DAC, the encoder sets its output bits,
Substituting (5) into (4) and (7) with (3) into the result shows that in the absence of deviations from ideal NRZ behavior (i.e., if the e i (t) terms in (5) were absent) the DAC would have the ideal behavior given by (2).
III. MISMATCH, TRANSIENT ERROR, AND ISI MODEL
Particularly significant types of non-ideal 1-bit DAC behaviors are mismatches from fabrication errors among nominally identical components that make up the 1-bit DACs, non-instantaneous rise and fall transitions, and inter-symbol interference (ISI). 2 In current-steering 1-bit DACs, these nonidealities can be realistically modelled as
where e 11i (t), e 01i (t), e 00i (t), and e 10i (t), are periodic waveforms with period T s = 1/f s that represent the error over each clock period corresponding to the four different possibilities of the current and previous 1-bit DAC input bit values. During any given T s clock period, the 1-bit DAC error, e i (t), is equal to exactly one of the e 11i (t), e 01i (t), e 00i (t), and e 10i (t) waveforms.
Example 1-bit DAC waveforms are shown in Fig. 4 . The arrows show which of the e 11i (t), e 01i (t), e 00i (t), and e 10i (t) periods are active, i.e., equal to e i (t). Each active period of the e 10i (t) or e 01i (t) waveform represents the transient error associated with an input bit transition from 1 to 0 or 0 to 1, respectively. Each active period of the e 00i (t) and e 11i (t) waveforms represents errors such as clock feedthrough that occur when the 1-bit DAC's current input bit is unchanged from the previous T s clock period. The values of e 00i (t) and e 10i (t) at the end of each T s clock period represent the final settling error of the 1-bit DAC when its input bit is 0, and those of e 11i (t) and e 01i (t) represent the final settling error of the 1-bit DAC when its input bit is 1.
Equation (8) models ISI because e i (t) depends on the 1-bit DAC's current and previous input bit values. In the special case where e 00i (t) = e 10i (t) and e 11i (t) = e 01i (t)
it follows from (8) that e i (t) depends only on the 1-bit DAC's current input bit value, in which case ISI is avoided. This condition can be implemented in practice by resetting the state of each 1-bit DAC at the end of every T s clock period. For example, in a so-called return-to-zero (RZ) 1-bit DAC, the 1-bit DAC output is set to zero (or some other signalindependent level) for a portion of each T s clock period. Example RZ 1-bit DAC waveforms are shown in Fig. 5 . It can be verified visually from Fig. 5 that (9) holds in this case. The model described above, and hence the results derived in the remainder of the paper, assume that each 1-bit DAC output only depends on the 1-bit DAC's input bit values during the current and immediately prior clock period. In all applications known to the authors, this is an accurate assumption. However, if necessary the model can easily be extended. For example, if the 1-bit DAC output were to depend on the input bit values during the current and prior two clock periods, then e i (t) could be decomposed into 2 3 = 8 periodic waveforms, each with period T s . The results presented in the remainder of the paper could be extended to such a model if necessary. Although this would complicate the equations, it would not require any new ideas or techniques.
IV. EFFECTS ON DEM DACS
Depending on the choice of 1-bit DAC weights, there can be multiple sets of encoder output bit values that satisfy (7) for a given DAC input value. Such DACs are said to have redundancy. For example, in the unity-weighted 9-level DAC shown in Fig. 3(b) , K i = 1 for i = 1, 2, . . . , 8, so (7) is satisfied when x[n] = −3Δ provided exactly one of the encoder outputs is one and the rest are zero. Hence, in this case there are 8 different (redundant) sets of encoder output values that would yield the same DAC output in the absence of non-ideal circuit behavior. However, given that the 1-bit DAC errors, e i (t), vary from one 1-bit DAC to another, each of these 8 choices has a different effect on the overall DAC error in general.
DEM DACs take advantage of redundancy to manipulate the usage pattern of the 1-bit DACs to impart desirable properties to the overall DAC error arising from the 1-bit DAC errors. A DEM DAC has the general form shown in Fig. 2 except the encoder is a DEM encoder. The DEM encoder selects its output bits according to a deterministic or pseudo-random algorithm that exploits the above-mentioned redundancy while still satisfying (7) .
As explained in [22] the output bit sequences of a DEM encoder can be written as
is a sequence, and
In Nyquist-rate DACs the DEM encoder usually is designed to ensure that the λ i [n] sequences well approximate zero-mean random sequences that are uncorrelated with x[n] and each other and are white, i.e.,
where E{u} denotes the expected value of u. As shown in Appendix A, the output of a DEM DAC can be written as
and e DAC (t) is an error waveform that depends on the DAC input sequence, x[n], the e i (t) waveforms, and the λ i [n] sequences. As e 11i (t), e 01i (t), e 00i (t), and e 10i (t) are T s -periodic, so are α(t) and β(t).
The desired signal component of the DAC output is the α(t)x[n t ] term in (13) . It follows from the result shown in Appendix B that the continuous-time Fourier transform of the (16) where A p (jω) is the continuous-time Fourier transform of α(t) set to zero outside the interval 0 ≤ t ≤ T s , i.e., the continuoustime Fourier transform of
and X(e jωT s ) is the discrete-time Fourier transform of x[n]. This can be interpreted as the result of applying a linear timeinvariant (LTI) filter with frequency response A p (jω) to an ideal continuous-time version of x[n]. In the absence of nonideal circuit behavior, A p (jω) is the frequency response of a zero-order hold operation, i.e., a sinc frequency response. Example waveforms for this case are shown in Fig. 6 . Although non-ideal circuit behavior causes A p (jω) to deviate somewhat from the ideal sinc frequency response, the deviation is linear and time-invariant, and it also tends to be relatively small. Hence, the deviation rarely results in a significant performance degradation.
The β(t) term in (13) is T s -periodic, so it consists only of tones at multiples of f s . As these tones do not fall within any Nyquist band of the DAC output and do not depend on the DAC input, they do not cause significant problems in most DAC applications.
Unfortunately, the e DAC (t) term in (13) can be problematic in applications. As shown in Appendix A, it can be written as e DAC (t) = e MM (t)+e ISI-linear (t)+e ISI-nonlinear (t)+e ISI-noise (t)
where e MM (t) is error that arises from component mismatches and non-instantaneous rise and fall transitions but not ISI, and the three other terms are different types of error that arise from ISI. Therefore, these latter terms are all zero if (9) holds for all of the 1-bit DACs. Expressions for each of the terms in (18) are derived in Appendix A and explained below. The expressions show that e ISI-linear (t) is linearly related to a delayed version of the DAC input, and e ISI-nonlinear (t) is a second-order distorted version of the DAC input. They also show that if the DEM encoder is such that (12) holds, then e MM (t) and e ISI-noise (t) are noise-like terms that are uncorrelated with the DAC input.
The e MM (t) expression is
where each ε i (t) is a T s -periodic waveform given by
Hence, if (12) is satisfied e MM (t) is a noise-like waveform that is zero-mean and uncorrelated with the DAC input. Given that each λ i [n] sequence is white, the spectral shape of the noise is a weighted sum of the magnitude squared of the continuoustime Fourier transforms of the ε i (t) waveforms set to zero outside the time interval 0 ≤ t ≤ T s (this follows from the result presented in Appendix B). If the 1-bit DACs do not introduce ISI, i.e., if each 1-bit DAC satisfies (9), then e MM (t) is equivalent to the e DAC (t) expression derived in [20] .
The e ISI-linear (t) expression is
where each γ i (t) is a T s -periodic waveform given by
As γ(t) is a linear combination of the γ i (t) waveforms, it too is T s -periodic. It follows that e ISI-linear (t) has the same general form as the DEM DAC's desired signal except for a oneperiod delay and a factor of γ(t) instead of α(t). Thus, similar to the DEM DAC's desired signal component, e ISI-linear (t) is equivalent to the result of applying an LTI filter to an ideal continuous-time version of x[n − 1]. Although it is an error component, it represents linear error and also the magnitude of γ(t) tends to be much smaller than α(t) in practice, so e ISI-linear (t) is rarely problematic in applications.
The e ISI-nonlinear (t) expression is
where each η i (t) is a T s -periodic waveform given by η i (t) = e 11i (t) + e 00i (t) − e 01i (t) − e 10i (t).
As η(t) is a linear combination of the η i (t) waveforms, it too is T s -periodic. It follows that e ISI-nonlinear (t) is equivalent to the result of applying an LTI filter to an ideal continuoustime version of x[n]x[n − 1]. Unfortunately, this is a nonlinear function of the DAC input. As illustrated in Fig. 7 ,
2 so it can be viewed as the combination of two 2-tap FIR filtered versions of x[n] each passed through a memoryless square law nonlinearity. Consequently, e ISI-nonlinear (t) is pure secondorder distortion that is not addressed by DEM. It is present regardless of whether DEM is used.
The e ISI-noise (t) expression is
Each term in the expression is proportional to either (12) holds then e ISI-noise (t) is a noise-like waveform that is zero-mean and uncorrelated with x[n] similar to e MM (t). Consequently, the e ISI-noise (t) term increases the noise power of the DEM DAC output relative to cases in which ISI is avoided, but it does not introduce harmonic distortion provided (12) is satisfied. However, DEM DACs designed to spectrally shape the error arising from component mismatches do not satisfy (12) . In such cases the term in e ISI-noise (t) proportional to
can sometimes introduce harmonic distortion via a mechanism similar to that explained in [38] .
Computer simulation results that demonstrate the findings presented above for DACs with NRZ current-steering 1-bit DACs are shown in Figs. 8 and 9 . The figures show output power spectra of the 14-bit highly-segmented architecture presented in [20] with a −1 dBFS sinusoidal input signal of frequency f in = (0.091)f s . The simulated 1-bit DAC error waveforms, e 11i (t), e 01i (t), e 00i (t), and e 10i (t), model static current mismatches and first-order (exponential) current transients. The MSB-element current mismatches and transient time-constants were chosen randomly from Gaussian distributions with standard deviations of 0.3% and 5%, respectively. Fig. 8 shows the DAC's output power spectrum with DEM disabled, i.e., with the encoder configured to be deterministic and memoryless and generate output bits that satisfy (7). Significant harmonic distortion from the 1-bit DAC errors in the form of spurious tones is visible in the power spectrum. Fig. 9 shows the DAC's output power spectrum with DEM enabled such that (12) is satisfied. As predicted by the findings described above, only second-order harmonic distortion is visible in the power spectrum when DEM is enabled.
V. PRIOR DEM DAC ISI ERROR MITIGATION TECHNIQUES
A. RZ 1-bit DACs
In principle, ISI error can be avoided altogether if a DEM DAC contains only RZ 1-bit DACs, i.e., if (9) is satisfied by each 1-bit DAC. Unfortunately, such a DEM DAC typically has a lower desired signal power and a lower signal to noise and distortion ratio (SNDR) than a comparable DEM DAC based on NRZ 1-bit DACs. The lower signal power occurs because RZ 1-bit DACs cause the DEM DAC's desired signal component, α(t)x[n t ], to go to zero during the portion of each T s clock period in which the RZ 1-bit DAC outputs go to zero. This happens because α(t) is a weighted sum of the e 11i (t), e 01i (t), e 00i (t), and e 10i (t) waveforms as indicated by (14) . For example, with the RZ 1-bit DAC waveforms shown in Fig. 5, α(t) is nearly zero for almost half of every T s clock period, so the power of the DEM DAC's desired signal component in any given Nyquist band is up to 6 dB lower than that of a comparable DEM DAC with NRZ 1-bit DACs. 3 The lower SNDR occurs because RZ 1-bit DACs and NRZ 1-bit DACs with comparable transient settling time constants have comparable transient errors. Hence, the difference in dB between the powers of the e DAC (t) waveforms for the two cases is smaller than the corresponding difference between the powers of the desired signal components.
These drawbacks of RZ 1-bit DACs typically are not offset by any reduction in power dissipation because RZ 1-bit DACs usually dissipate power even when the 1-bit DAC outputs go to zero. For example, current steering RZ 1-bit DACs typically implement the return-to-zero phase of each clock period by steering their output currents to dummy loads. Hence, their power consumption is not reduced during their return-to-zero phase. Moreover, generating the extra clock phase required to implement the RZ behavior dissipates additional power.
For these reasons, NRZ 1-bit DACs are often favored in high-speed Nyquist-rate DACs. However, as quantified by the findings of this paper, this choice generally comes with ISI error.
B. Balanced Rise and Fall Transitions
It has been suggested in prior work that DAC error from ISI is avoided if each 1-bit DAC's rising transient error is precisely the opposite of its falling transient error, i.e., e 01i (t) = −e 10i (t) in the notation of this paper [2] . The results presented above indicate that this is not completely true. To avoid error from ISI altogether, every η i (t) and γ i (t) waveform must be zero, and this happens if and only if (9) is satisfied by each 1-bit DAC, i.e., if and only if RZ 1-bit DACs are used. However, it follows from (23) and (25) that for e ISI-nonlinear (t) and most of the terms in e ISI-noise (t) to be zero, it is sufficient for just every η i (t) waveform to be zero. As can be seen from (24), this happens when
for every 1-bit DAC. In practice, achieving (26) in every 1-bit DAC, while not eliminating error from ISI completely, eliminates its worst effects. Condition (26) reduces to the abovementioned e 01i (t) = −e 10i (t) condition for the special case where the only non-ideal 1-bit DAC behavior is from noninstantaneous output transitions.
C. ISI-Shaping
Another method of mitigating error from ISI is to combine an ISI-shaping algorithm with DEM such that e MM (t) + e ISI-nonlinear (t) + e ISI-noise (t) is zero-mean with a power spectrum that is second-order highpass shaped [36] . In the context of the results presented above, the objective is to choose each λ i [n] such that the terms in e ISI-noise (t) which are proportional to the η i (t) waveforms cancel the corresponding terms in e ISI-nonlinear (t). Given that the η i (t) waveforms vary unpredictably with i, the above-mentioned cancellation must occur separately for each η i (t) term. It follows from (23) and (25) that for each i = 1, 2, . . . , N, the factors of η i (t) in e ISI-nonlinear (t) + e ISI-noise (t) can be grouped as
Therefore, the ISI-shaping algorithm must ensure that (27) is a zero-mean sequence with a second-order highpass spectral shape for each i = 1, 2, . . . , N. Unfortunately, it follows from (27) that this can only happen if each λ i [n] is correlated with the DAC input. One consequence is that such ISI-shaping algorithms are not compatible with DEM encoders that implement (12), i.e., the type of DEM encoders most appropriate for high-speed Nyquist-rate DACs. Another consequence is that the power spectrum of e DAC (t) in DEM DACs with ISI-shaping algorithms inevitably contain harmonic distortion. This is most likely the cause of the spurious tones visible in the output spectra from the ISI-shaping DEM DAC presented in [36] , although its overall performance is very impressive.
VI. ISI NONLINEAR DISTORTION CANCELLATION
As shown in Section IV, ISI causes a second-order distortion term in the output of a DEM DAC, i.e., e ISI-nonlinear (t) = η(t)x[n t ]x[n t − 1], where η(t) is a T s -periodic waveform that depends on the 1-bit DAC errors. In many applications, e ISI-nonlinear (t) is far more problematic than the DAC's other error terms. This section describes a digital technique that can suppress e ISI-nonlinear (t) within the DEM DAC's first Nyquist band provided α(t) and η(t) are known a priori (e.g., through measurement as part of a calibration algorithm).
The idea is to pre-distort the DEM DAC input. This is done by setting the DEM DAC input sequence to be that (29) holds for one T s -period. This is why e ISI-nonlinear (t) is only cancelled over the first Nyquist band. Alternatively, x c [n] could be chosen to cancel e ISI-nonlinear (t) over the kth Nyquist band for any particular k = 2, 3, . . ., provided A p (jω) is nonzero over the kth Nyquist band.
For a DEM DAC with ideal 1-bit DACs, α(t) = 1 and η(t) = 0, but 1-bit DAC errors cause α(t) and η(t) to deviate from these ideals as described in Section IV. Still, in practical, welldesigned DEM DACs the deviation tends to be small enough that the power of e ISI-nonlinear (t) is much lower than the power of the desired signal component over the first Nyquist band. For instance, the simulation results shown in Fig. 9 for the example DEM DAC indicate that the power of e ISI-nonlinear (t) in the first Nyquist band is more than 65 dB lower than that of the desired signal component. It follows that the mean squared value of the x c [n] sequence required to cancel e ISI-nonlinear (t) in the first Nyquist band is much smaller than the mean squared value of x [n] . This implies that
where DT denotes the discrete-time Fourier transform. Substituting (30) into (29) and solving for X c (e jωT s ) indicates that x c [n] could be synthesized by passing x[n]x[n − 1] through a digital filter with a frequency response that approximates −I p (jω)/A p (jω) for |ω| < πf s . However, a practical problem arises in that a digital filter with this frequency response would be non-causal. This problem can be addressed by synthesizing a digital filter that approximates the desired frequency response but with an integer-valued group delay, P , and either driving it with x[n]x[n − 1] advanced by P samples, or setting the DEM DAC input to be
A system-level diagram of an example implementation is shown in Fig. 10 . The DEM DAC is identical to that described above. The digital filter is a 21-tap FIR filter with approximate frequency response
where P = 10. The digital filter was designed in three steps. First, the Parks-McClellan algorithm was used to generate a zero-phase filter with optimum magnitude response [39] , [40] . Second, the zero-phase filter was delayed by P samples in order to be made causal. Finally, the causal filter was fractionally delayed [41] in order to better approximate the non-integer group delay implied by solving (31) for the randomly generated mismatches. The filter has fractional impulse response values, so its output has finer resolution than the 14-bit DEM DAC can accommodate directly. Therefore, dithered requantization was applied to quantize the filter's output to 6 bits without introducing harmonic distortion [42] . Fig. 11 shows the simulated DEM DAC output spectrum for this system. The simulated DEM DAC and the corresponding e 11i (t), e 01i (t), e 00i (t), and e 10i (t) waveforms are identical to those used to generate the power spectrum shown in Fig. 9 , but as can be seen from a comparison of Figs. 9 and 11 the addition of x c [n] suppresses e ISI-nonlinear (t) in the first Nyquist band of the power spectrum of Fig. 11 .
In practice α(t) and η(t) are not known a priori so they would have to be measured as part of a calibration system. For example, this could be done with a foreground calibration algorithm that estimates H c (e jωT s ) at several uniformly spaced values of ω between 0 and π and then calculates the corresponding FIR filter coefficient values via an inverse fast Fourier transform of the vector of estimates. Each estimate would be obtained via an LMS algorithm [43] . For each value of ω, x[n] in the system of Fig. 10 would be set to a full-scale sinusoid with a frequency of ω/2, an ADC with appropriate filtering would measure the second harmonic of the sinusoid in the DAC's first Nyquist band, and the LMS algorithm would adjust the corresponding value of H c (e jωT s ) to zero the measured second harmonic.
VII. CONCLUSION
This paper quantifies the combined effects of 1-bit DAC mismatches, non-instantaneous rise and fall transitions, and ISI on the continuous-time outputs of DEM DACs. The results apply to most multi-bit DAC architectures and all types of DEM known to the authors, and they reduce to previously published continuous-time DEM DAC results in the absence of ISI. Previously published ISI analyses model ISI as an input-referred discrete-time sequence, so they do not quantify the effects of ISI within individual Nyquist bands. This is acceptable in applications such as ΔΣ ADCs wherein the DEM DAC outputs are sampled, but in other applications the signals of interest typically lie in individual Nyquist bands. The results of this paper address the needs of these latter applications in that they quantify the error within each Nyquist band. As demonstrated in the paper, they make it possible to devise algorithms that cancel error in the Nyquist band of interest. The results also lead to several new insights such as the observation that for certain types of DEM the only nonlinear distortion caused by ISI is second-order distortion.
APPENDIX A
As indicated in (8) , at any given time, t, the error of the ith 1-bit DAC, e i (t), is equal to one of e 11i (t), e 01i (t), e 00i (t), or e 10i (t), depending on the state of c i [n t ] and c i [n t − 1] . Given that c i [n] is either 0 or 1 for each i and t, it follows that (8) 
Substituting (6) into (32) and the result into (5) gives an expression for the output of the ith 1-bit DAC. This expression can be arranged as
where α i (t) = 1 + 1 2 e 11i (t) − e 00i (t) + e 01i (t) − e 10i (t)
[e 11i (t) + e 00i (t) + e 01i (t) + e 10i (t)]
γ i (t) is given by (22) , and η i (t) is given by (24) . Fig. 12 shows example α i (t), β i (t), γ i (t), and η i (t) waveforms corresponding to the 1-bit DAC example shown in Fig. 4 . Combining (6) and (10) gives
Substituting this into (33) and the result into (4) gives Fig. 12 . α i (t), β i (t), γ i (t), and η i (t) waveforms corresponding to the example e 11i (t), e 01i (t), e 00i (t), and e 10i (t), waveforms shown in Fig. 4 .
collecting terms and applying (11) yields y(t) = α(t)x[n t ] + β(t) + e DAC (t) where α(t) is given by (14) , β(t) is given by (15) , and e DAC (t) is given by (18) through (25) .
APPENDIX B
The result presented below in this sub-section is not new. However, the authors are not aware of a textbook or paper that presents it directly and it is necessary to explain the results of this paper, so it is derived below.
Let a(t) be any T s -periodic waveform, let r[n] be any sequence, let
and let
Then s(t) can be written as 
